
Q .I

Let r= ✗
'
+y
'
-12-2 & T - IX. y , ⇒ .

Define the vector field F : 1123118} → 1123 by

T-lx.y.tl = - ¥17157
(a) Show that Flxiy >⇒ = ,¥É,
(b) Show that div (F) Hey , 2-1--0 for IX.g.⇒ 1=10,010) .

Let ✓ c- IRS be open & bounded . Suppose 10.0.01 c- V.

(c) Show that fgufoñ do = 1 .



Solution :

(a) 1711-1=1 (f) idyrt) >¥-1T))

=L ¥14

.IT?-rHr).Y-zJ-rHrD=lFtf-i.Y-l-f-.).F-tt-.1)---f-slxiyiz)
= - ÷

i. F- lxiy ,⇒ =#¥
(b) diva = ¥, / ¥15,1 -1%1 F.) +¥15))

=# ¥ / v3 - ✗ 1341¥) tr
'
- ylsr-11¥ ) + v3-2-1441%1 )

=¥, ¥13M- 34×4 y
'

-12-41

= ¥,# 13 r
'
- Srs )

= 0

(c) Let BHO) be an open ball sit . V-c-Bp.to) .

Then D= BRIO/ IT is an open
r

region that doesn't contain the

origin . By the divergence Theorem , #J Find or =/ dirtF) dv = O
ar r

since dirtF) = 0 . Note that ñ denotes v

BRIO) .
The outward unit normal of D.



However , Ñ /
yr

is an inward unit normal of JV .

i. 0=fg,F. dñdr
F-ñdr - fgr F.ñdo=/

jbp.IN/gvFridor--fgpp.,o,F.ndr=/2Bp1o4T-¥3 - F- do

=/ 213,210,4¥# do (ñ.r=ry

1dm ( RER on 2131210))= ⇐¥ / 2131210)
= ¥417122
= 1 .



Q -2

Let u c- 1123 be an open set . Let Gill→ IRS be a continuous vector

field . Consider the following equation :

curl F = G 1*1

where F- U→ IRS is a d- vector field .

Assume That U is simply connected .

(a) Show that if 1*7 has a solution F , then dirtG) = 0 .

(b) Show that if F. Fs in→ IR
'
solve 1*7 , then

1=2 = Fit If

for some [ function fill→ IR
}
.

Idea of getting the solution to (*) :

suppose div 6=0 . If we have one solution H to 1*1 , then

Ht tf is also a solution of 1*1 . We can always find a C
'

function f- sit . f- = Ht tf satisfies 1=3--0
,
it , ¥ = - H}

By FTC) . So we may assume F =L Fi , Fi , 0) .

So 1*3 becomes

-3¥ -

- Gi

3¥ = Gz{ 3¥ -¥j=↳ '



So the problem becomes solving the previous system of PDE .

(c) Try the construction on GIX.yk-j-lyzixz.ly) .



Solution :

(a) Tf G= curl (F) , then didG) = divlcnrll't)) = 0 .

I b) If Fitz Solves 1*7 , then

{ curl F.
= G - ①

card Fs = G - ②

① - ② : curl 11=2 - Fi) = 0 .

This implies that that Fz - F , satisfies the compatibility
conditions . Since U is simply connected & Fa -Fi is C1

,
we know

that Fz- Fi is conservative , it . 7- G- function f- :U→ IR

sit. Fz - F , = tf .

This equality also implies that all partial derivatives are

G- , so f- is CZ .

14 -3¥ = yz -10

T¥ = ✗2- - ②{ 3¥ -¥y=xy - ③
By ② , Fz = - { yz-i-Glx.ly)

By ② , F, = -1-2×2-4 Czlx , y )

By ③ i }÷ -¥=xy



There is some freedom in choosing G , Cz . For example , choose

4=-0 & G = { yx
'

i. f- IX.yiz) = ftp.yz-2-1-zyx
'

, -1-2×2-2,0) is one solution .



Q - 3

Let E be a plane in 1123 with a unit normal vector ñ

Fix a c- E. For each no , define Alr) = {✗ c-E 1 Ix - ater } .

Suppose that the boundary 2AM carries the orientation

induced by Ñ .
Let F : IR

>
→ 1123 be a C

'
vector field .

Show that

curd Fla) • n = dim
I F. die

r→o+ AreaLAWD ↳Alr )



Solution :

I
Arealltlr#Air, F. di - curl Fla) • n

=

Area/Airplay, curl F
• " do - curl Flat • n 1Stokes

'

-1hm )

=
1

AreaCALM
/ FAIRY"'t Fon - curl_Ha)•n)doY

E
I curl F- • n - curl Fla) - n da -1*1

Area IAM /Alr)
Since curltt) & Ñ are continuous , te

>0,7=8 sit .

When IX - al < f , then curl F- • n - curl Fla) - n < E .

Therefore , if oars > then t ✗ c-Alr) ,

Carl -1-1×1 • n - curl Fla) - n <e

continuing the estimate above

1*1 { 1-
Area/AH) /Acr)

Ed " =
1-

• Area 1AM) { = g.
Area LAIRD

Then the result follows by the def . of limit .


